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We propose a new model for impurity enter formed by a athion substitute for Cu, like Zn, in
CuO2 planes. Its main eet on superonduting eletrons is due to the non-zero exhange eld
on O sites, neighbors to the (non-magneti) impurity. We disuss a strong suppression of d-wave
order parameter, a zero-energy resonane in loal density of states, and spin polarization of harge
arriers, whih an be related to the experimentally observed eets in Zn-doped opper oxides.
These results are obtained without using the unitary sattering limit.
It is reognized that there are two types of impuri-
ties in high-T superondutors (HTSC): i) intrinsi or
own, and ii) extrinsi or foreign. The rst type are
the heterovalent impurities or oxygen vaanies, that is
the dopants. They supply harge arriers into insulating
antiferromagneti (AFM) uprate planes enabling their
metallization [1℄, but also they at as sattering enters
for arriers. Previously, we showed [2, 3, 4℄ that forma-
tion of superonduting (SC) ondensate, either of s- and
d- symmetry, is possible at low enough onentration c of
suh impurities but is prevented by growing utuations
of SC order parameter at higher c.
The seond type are the homovalent impurities, whih
only produe sattering of existing harge arriers and so
an depress the SC properties of HTSC systems. They
are well studied in ommon SC metals, where it was
stated by Anderson [5℄ that non-magneti impurities have
pratially no eet on SC harateristis. At the same
time, even low onentration of paramagneti ions an
ompletely destroy SC order, as initially shown in the
Born approximation by Abrikosov and Gor'kov [6℄ and
then onrmed by many authors under more general
sope [7, 8, 9℄.
But in the ase of SC opper oxides, an apparent vio-
lation of this so well theoretially based phenomenolog-
ial priniple was deteted. Thus, introduing of non-
magneti Zn
2+
ions instead of Cu
2+
into the uprate
planes has a suppression eet on HTSC not weaker but
rather stronger than that by magneti Ni
2+
ions [10, 11℄.
This triggered an idea of viewing the non-magneti impu-
rity ions in HTSC as extremely strong satterers [12℄ so
that their perturbation potential Vimp is the biggest en-
ergy parameter, treated in the unitary limit: Vimp/W ≫
1 (W the bandwidth). This onept was extensively elab-
orated [13, 14, 15℄, the prinipal onlusions being the
nite density of quasipartile states (DOS) at the Fermi
level εF: ρ(ε→ εF)→ ρu 6= 0, and the universal value of
∗
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quasipartile ondutivity σ(ω → 0) → σu 6= 0. How-
ever, apart from the still existing ontroversies about
those preditions [16℄, it should be noted that, unlike
the dopants, the foreign impurity enters are formed in
the CuO2 plane by a homovalent substitution (as Zn
2+
or Ni
2+
for Cu
2+
), and it is problemati how they ould
produe suh a strong perturbation potential. Also we
notie that the heterovalent non-magneti satterers by
dopants an not produe suh eets [3℄.
This Letter is aimed on an alternative approah to the
problem of foreign impurities. It will be shown that ir-
respetively of the type (magneti or non-magneti) of
the athion substitute in CuO2 plane, the resulting en-
ter ats on harge arriers as magneti. In aordane
with the generally aepted notion, suh enter should in
fat strongly suppress SC order either of s- or d-type, as
was rst qualitatively stated yet by Mahajan et al [17℄.
We note that similar views on the eet of Zn impu-
rities in HTSC uprates were expressed in some reent
publiations [18, 19, 20℄, though still foused on unitary
sattering. Below we onsider the problem of isolated
non-magneti impurity ion in a CuO2 plane and its loal
eets on the d-wave SC order parameter, loal density of
states (LDOS), and the itinerant spin polarization. Our
treatment does not need using the unitary limit, never-
theless the eets an be quite strong.
Fig. 1 shows a athion impurity substitute for Cu in
a CuO2 plane, like real Zn, Fe, or Ni impurities in high-
Tc ompounds. Assoiating the harge arriers mostly
to O
−
holes, we onlude that the main perturbation by
suh impurity (both magneti and non-magneti) is due
to the fat that its neighbor O sites our in a non-zero
exhange eld by Cu
2+
ions [21, 22℄, whih is equivalent
to the eet of magneti impurity in a ommon super-
ondutor. On the other hand, there are no reasons to
onsider any sizeable spin-independent perturbation from
suh isovalent impurity. The respetive model Hamilto-
nian is H = Hsc+Hc+Hint. The unperturbed SC term
Hsc =
∑
k
ψ†
k
(ξkτˆ3+∆kτˆ1)ψk ouples the Nambu spinors
ψ†
k
= (a†
k,↑, a−k,↓) with Pauli matries τˆi. The normal
dispersion ξk =W (2− cos akx − cos aky)/4− εF leads to
the density of states (DOS) ρ0 = 4/(piW ). The d-wave
2gap funtion ∆k = ∆θ(ε
2
D− ξ2k)γk/γm inludes the BCS-
shell fator θ(ε2D − ξ2k) with the Debye energy εD, the
symmetry fator γk = cos akx − cos aky with maximum
absolute value γm = piεFρ0, and the gap parameter
∆ = V N−1
∑
k
γk〈a−k,↓ak,↑〉 (1)
where V is the attration between two arriers with op-
posite spins on neighbor O sites. The term Hc = −hSz
models the (AFM) orrelation between the impurity en-
ter and its environment, where h ∼ Jdd, the Cu-Cu ex-
hange onstant, and S is the spin of a titious mag-
neti impurity. It an be seen as a luster of four 1/2
spins of Cu nearest neighbors to real non-magneti impu-
rity (Fig. 1). In reality, its quantization axis z is only de-
ned over time periods no longer than τs ∼ h¯ξs/(aJdd) ∼
10−13 s for spin orrelation length ξs ∼ a/
√
x [23℄ and
doping levels x ∼ 0.1 (this also agrees with the NMR
data [18℄). However this τs is muh longer than typial
eletroni times ∼ h¯/εF ∼ 10−15 s for HTSC ompounds.
For h > 0 we have 〈Sz〉 ≡ s and 0 < s < S, whih a-
ounts for the short-range AFM order, whereas s→ 0 in
the paramagneti limit βh≪ 1.
We separate the spin-dependent interation between
harge arriers and impurity into three parts:
Hint = H
MF
int +H
‖
int +H
⊥
int, (2)
where
HMFint = JsN
−1
∑
k,k′
∑
σ=±
αj,kαj,k′σa
†
k′,σa−k,σ
is the mean-eld (MF) polarization of arrier spins by
the impurity enter, and
H
‖
int = JN
−1
∑
k,k′
∑
σ=±
αj,kαj,k′σ(Sz − s)a†k′,σak,σ,
HMFint = JN
−1
∑
k,k′
∑
σ=±
αj,kαj,k′Sσa
†
k′,−σak,σ,
are their interations with longitudinal and transversal
utuations of S. In the paramagneti limit: s→ 0, Eq.
2 is redued to the ommon Kondo interation [24, 25℄.
For deniteness, the Cu-O p-d exhange parameter J is
onsidered positive. The funtions
α1,k = 2 cos
akx
2
cos
aky
2
, α2,k = 2 cos
akx
2
sin
aky
2
,
α3,k = 2 sin
akx
2
cos
aky
2
, α4,k = 2 sin
akx
2
sin
aky
2
,
realize 1D irreduible representations of the C4v point
group (of the plaquette surrounding the impurity), so
that N−1
∑
k
αj,kαj′,k = δjj′ . Distintive features of the
perturbation, Eq. 2, ompared to the ommonly used
impurity models, are: i) its spatial extension expressed by
the fators αj,k, ii) additional degrees of freedom by spin
S, and iii) oupling of S to the loal AFM orrelations.
In priniple, this impurity enter an produe yet an-
other perturbation, due to a possible role of AFM or-
related Cu
2+
spins in the SC oupling between harge
arriers. Laking one suh spin would loally perturb
the ∆kτˆ1 term in Hsc by some expansions in αj,kαj,k′ .
This an inuene the SC order, alike the simpler ase of
point-like perturbation of s-wave SC oupling [26℄. How-
ever, for simpliity, we leave this kind of perturbation for
a separate study.
We alulate the averages, like Eq. 1, by simple spe-
tral formula at T = 0:
〈ab〉 = pi−1
∫ εF
0
ℑ〈〈b|a〉〉εdε, (3)
where ℑf(ε) = limδ→0[f(ε − iδ) − f(ε + iδ)]/2 and
〈〈b|a〉〉ε±iδ are the retarded and advaned two-time Green
funtions (GF's). The relevant GF matrix Gˆk,k′ =
〈〈ψk|ψ†k′〉〉 in absene of impurity perturbation (J = 0)
is momentum-diagonal: Gˆk,k′ = δk,k′Gˆk, with Gˆk =
(ε − ξkτˆ3 − ∆kτˆ1)−1. The same expression holds for
the momentum-diagonal GF Gˆk,k in presene of sin-
gle impurity, whose eet ∼ 1/N is negligible for this
quantity. However it is only this small impurity eet
that gives rise to a momentum-non-diagonal GF's Gˆk,k′ .
They are found from the equation of motion Gˆk,k′ =
JN−1
∑
k′′,j αj,kGˆk(sGˆk′′,k′+Gˆ
(z)
k,k′+Gˆ
(−)
k,k′)αj,k′′ inlud-
ing three sattered GF's: the MF one Gˆk′′,k′ , the longi-
tudinal Gˆ
(z)
k′′,k′ = 〈〈ψk′′(Sz − s)|ψ†k′〉〉 and the transversal
Gˆ
(−)
k′′,k′ = 〈〈ψ¯k′′S−)|ψ†k′〉〉 with ψ¯†k = (a†k,↓, a−k,↑). The
two last terms are analogous to the well known Nagaoka's
Γ-term [9, 25℄ and treating them with a similar deou-
pling proedure gives:
Gˆ
(z)
k,k′ =
JΣ2
N
∑
k′′,j
αj,kGˆkGˆk′′,k′αj,k′′ ,
Gˆ
(−)
k,k′ =
J
N
∑
k′′,j
αj,kGˆk(ε+ h)Xˆk′′Gˆk′′,k′αj,k′′ ,
where Σ2 = 〈S2z 〉−s2, Xˆk = S(S+1)−s(s+1)−Σ2+(1+
2ξk/Ek)τˆ3, Ek =
√
ξ2
k
+∆2
k
, and one energy argument
is shifted: ε→ ε+ h, due to the AFM stiness. Finally,
we obtain the deoupled equation of motion:
Gˆk,k′ = N
−1
∑
k′′,j
αj,kGˆk[Js+J
2(Σ2Gˆj+Xˆj)]Gˆk′′,k′αj,k′′
where Gˆj = N
−1
∑
k
α2j,kGˆk, Xˆj = N
−1
∑
k
α2j,kGˆk(ε +
h)Xˆk, and its standard iteration yields in the result:
Gˆk,k′ = N
−1
∑
j
αj,kGˆkTˆjGˆk′αj,k′ , (4)
with the partial T-matries Tˆj = [Js+J
2(Σ2Gˆj+Xˆj)][1−
Js− J2(Σ2Gˆj + Xˆj)]−1. By the denition of our model,
3the parameter Js is positive. It is interesting to trae the
behavior of Tˆj in the two harateristi limits for AFM
orrelations between Cu
2+
spins.
In the paramagneti limit: h → 0, s → 0, we
have Σ2 → S(S + 1)/3 and Xˆj → 2S(S + 1)/3 −
N−1
∑
k
α2j,k(1 + 2ξk/Ek)Gˆkτˆ3. In neglet of the small
last term we arrive at:
Tˆj → J2S(S + 1)Gˆj [1− J2S(S + 1)Gˆj ]−1
generalizing the known results [6, 9℄ for the ase of ex-
tended impurity enter.
Another limit, fully polarized, h → ∞, s → S, orre-
sponds to Σ2 → 0, Xˆj → 0 and results in
Tˆj → JS(1− JSGˆj)−1 (5)
whih is only due to the eet of MF magneti sattering.
The obvious validity ondition for this limit, JS ≫ kBT ,
well applies in the SC phase at T < Tc ∼ ∆/kB, so we
use Eq. 5 for the T-matries in what follows.
The loal SC orrelation is haraterized by the aver-
age ∆12 = 2V 〈aδ1,↓aδ2,↑〉 (see Fig. 1) where a site oper-
ator an,σ is expressed through band operators: an,σ =
N−1/2
∑
k
eik·nak,σ. Sine the phase of ∆k is hosen
zero, ∆12 is real. For J = 0, this average does not dier
from the uniform gap parameter:
∆12 → 2V
N
∑
k
〈a−k,↓ak,↑〉eik·(δ2−δ1) = ∆,
whereas for J 6= 0 the maximum perturbation of SC order
near the impurity is given by the suppression parameter
ηsup = 1 − ∆12/∆. Its value is onned between 0 (for
pure SC) and 1 (for omplete loal suppression of SC
order), and it only results from non-diagonal GF's:
ηsup =
2V
N∆
∑
k,k′ 6=k
〈a−k,↓ak′,↑〉ei(k·δ2−k
′·δ1) = (6)
=
V
2pi∆
∑
j
(−1)j
∫ 0
−∞
dεImTrGˆj TˆjGˆj τˆ1,
where the trae is in Nambu indies and Eqs. 3,4 were
used. Expansion of Gˆj in Pauli matries only ontains
τˆ1terms at j = 2, 3 (by the parity of αj,k with respet to
the permutation kx ↔ ky): JSGˆ2,3 = A + Bτˆ3 ± Cτˆ1.
Hene only j = 2, 3 atually ontribute in Eq. 6 by
ηsup =
V εFρ
2
0
4
∫ εF
0
F (ε)
ε
dε, (7)
where
F (ε) =
16ε
piJSεF∆ρ20
Im[1− 1
(1−A)2 −B2 − C2 ]C,
and the omplex oeients A,B,C as funtions of en-
ergy are estimated in the relevant range ∆ < ε < εF,
setting Ek ≈ ξk ≈Wa(k2 − k2F)/8:
A ≈ JSρ0ε
8
(ln |εF + ε
εF − ε |+ 2ipi),
B ≈ JSρ0
8
ln
ε2F − ε2
(W − εF)2 ,
C ≈ piJSρ0εF∆
Eε
[ln |εD + ε
εD − ε |+ ipiθ(εD − ε)].
Numeri analysis of these expressions with realisti pa-
rameter values: W ∼ 2 eV, JSρ0 ∼ 1, εF ∼ 0.3 eV,
εD ∼ 0.15 eV, shows that the main ontribution into the
integral, Eq. 7, omes from the BCS shell ∆ < ε < εD,
where we have: F (ε) ≈ 1, 0 < 1 − F (ε) ≪ 1, while
0 < −F (ε) ≪ 1 out of this shell, εD < ε < εF (Fig.
2). Taking in mind the relation ln(εD/∆) ≈W/(V γm) =
W 2/(4V εF) whih follows from Eq. 1, we obtain from
Eq. 7 almost omplete suppression: ηsup ≈ 1. A small
residual part 0 < 1 − ηsup ≪ 1 is only due to a small
negative deviation of F (ε) from unity within the shell
and to a small negative out-of-shell ontribution. Thus,
for the above indiated hoie of parameters we have
ηsup ≈ 96%. The value of 1 − ηsup yet diminishes with
growing JS, but it should be stressed that no unitary
limit JSρ0 ≫ 1 is needed to get suh a strong eet.
The deay of this maximum eet with separation R
from the impurity is given, in similarity with Eq. 6, by
ηsup(R) =
V
pi∆
∫ 0
−∞
dεImTrGˆ2(R)Tˆ2Gˆ2(R)τˆ1, (8)
Here the matrix Gˆj(R) = N
−1
∑
k
eik·Rαj,kGˆk, and
for R ≫ ξ± = a
√
W/[8(εF ± ε)] it is mainly on-
tributed by two saddle points in the omplex k-plane:
±ξ−1± − iR−1, hene all its matrix elements deay asymp-
totially like cos(R/ξ±)/
√
R/ξ±, and the non-diagonal
elements ontain yet the anisotropi fator (∆/ε) cos 2ψ
where ψ = arctanRy/Rx. However, for the energies
ε ∼ εD relevant here, suh anisotropy is less pronouned
than that in the limit ε → 0 onsidered by Balatsky
et al [27℄. Integration in Eq. 8 results in asymp-
toti ηsup(R) ≈ ηsup
√
W/(8εF)
∑
i=±(ui + fi cos 2ψ +
hi cos 4ψ)(a/R) where hi ≪ fi ∼ ui ∼ 1. This an-
gular dependene resembles that for LDOS around Zn
impurity, suggested by Haas and Maki from ontinuous
Bogolyubov-de Gennes equations [28℄, while the anoma-
lously slow radial deay should enhane the overall sup-
pression of SC order.
Besides the onsidered loal suppression of the
order parameter, related to the non-diagonal (in
Nambu indies) elements of GF's Gˆk,k′ , there are
also loal eets related to their diagonal elements.
Thus, the variation of loal DOS (LDOS): ρ(n) =
(piN)−1
∑
k,k′ 6=k ImTr e
i(k−k′)·nGˆk,k′ τˆ3, attains its max-
imum at n = δ, nearest neighbor sites to the impu-
rity, and Eq. 4 mainly ontributes there by j = 1:
ρ(δ) ≈ ImTrGˆ1(δ)Tˆ1Gˆ1(δ)τˆ3. The relevant GF's are
4Gˆ1(δ) ≈ 2N−1
∑
k
Gˆk = 2(g0 + g3τˆ3), where g0 ≈
ρ0ε[ε
−1
F + i(pi/∆)arcsin(∆/ε)] and g3 ≈ ρ0 ln(W/εF)
[3℄. Considered as a funtion of energy, ρ(δ) displays
a very sharp resonane in the denominator of Tˆ1: Re[1−
2JSg0(ε)]
2 − (2JSg3)2 → 0 at ε → 0 (f. Fig. 3)
with the observed peak in the related tunnel ondutiv-
ity [29℄) if the impurity perturbation parameter J is lose
to Jcr = 1/(2Sg3). This refers to a ne tuned rather
than unitary perturbation J and agrees with its hoie
made to estimate ηsup. The j = 1 ontribution also
dominates in the Kondo-like loal polarization of itin-
erant spins: m(δ) ≈ ∫ εF
0
dεImTr ei(k−k
′)·nGˆ1(δ)Tˆ1Gˆ1(δ),
whih should explain the observed enhanement of ex-
hange elds on
63
Cu [21℄ and
89
Y [17℄ nulei lose to Zn
impurities. A more detailed treatment of these phenom-
ena will be presented elsewhere.
The proposed model an be equally applied to isova-
lent substitutes for Cu, whih are magneti themselves,
as Ni
2+
or Fe
2+
. But, sine the net MF on neighbor
O sites in this ase is due to inomplete AFM ompen-
sation of exhange elds by dierent magneti ions, the
perturbation parameter JS may be weaker than that for
non-magneti Zn
2+
and so the resulting suppression of
SC order, as is observed in the experiment [11℄.
In onlusion, we developed a mirosopi model of
spin dependent perturbation on harge arriers in CuO2
planes, produed by a non-magneti substitute for Cu.
An almost omplete suppression of d-wave order param-
eter at nearest neighbor sites to the impurity atom is ob-
tained, as a result of parallel alignment of arrier spins in
the exhange eld JS by non-ompensated Cu2+ spins,
and this strong eet is ahieved with moderate JS val-
ues. It deays with distane from impurity rather slowly,
whih an explain the fast destroying of SC order in
uprates already at low Zn onentration. The model
also provides explanation for other loal eets, suh as a
sharp resonane of LDOS and loal polarization of harge
arrier spins lose to impurity.
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Figure 1: Eetive magneti perturbation for harge arriers on nearest neighbor
sites Æ
i
to the non-magneti impurity substitute (grey irle) for Cu
2+
in CuO
2
plane
Figure 2: The funtion F (") for parameter valuesW = 2 eV, JS
0
= 1, "
F
= 0:3
eV, "
D
= 0:15 eV (the disontinuity is due to the assumed sharp BCS-shell
boundary).
1
Figure 3: Loal DOS on nearest neighbor O sites to Zn impurity site, as a
funtion of energy ("), presents a sharp zero-energy resonane at the hoie of
perturbation parameter JS
0
= 1:26  J
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